A digraph D is supereulerian if D has a spanning directed eulerian subdigraph. We give a necessary condition for a digraph to be supereulerian first and then characterize the digraph D which are not supereulerian under the condition that δ
Introduction
We consider finite digraphs that do not have loops or parallel arcs (bi-direction edges are allowed). For undefined terms and notations, refer to [3] for graphs and [1] for digraphs. To avoid possible confusion, we use ditrails, dipaths and dicycles to mean directed trails, paths, and cycles, while trails, paths and cycles refer to undirected graph terminology. Let D be a digraph. We use both notations uv and (u, v) to denote an arc oriented from a vertex u to a vertex v. A graph G is eulerian if G is connected without vertices of odd degree, and G is supereulerian if G has a spanning eulerian subgraph. In [2] , Boesch et al. raised the problem to determine when a graph is supereulerian, and they remarked that such a problem would be a difficult one. In [6] , Pulleyblank confirmed the remark by showing that the problem to determine if a graph is supereulerian, even within planar graphs, is NP-complete. For more literature on supereulerian graphs, see Catlin's excellent survey [4] and its supplement [5] .
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The purpose of this paper is to investigate the digraph version of the supereulerian problem. A digraph D is strongly connected if there is a (u, v)-dipath for any two vertices u, v. Furthermore, D is said to be eulerian if D is strongly connected and for every vertex v ∈ V (D), d
v). Thus D is eulerian if and only if D itself is a closed ditrail. A digraph D
is supereulerian if D has a spanning eulerian subdigraph H. The main result of this paper determines a best possible lower bound of the minimum degree to assure a simple digraph to be supereulerian, and to characterize all the extremal digraphs.
In Section 2, we derive a necessary condition for a digraph to be supereulerian, and apply it to find candidates of the extremal graphs for the main result. The proof of the main result is stated and proved in Section 3.
A necessary condition
Let D be a strong digraph and U
Then we have the following proposition. 
Proof. Suppose that D has a spanning eulerian subdigraph H but for some U, h(U) < 0. Without loss of generality, we may assume that for some vertex set
Since H is spanning and eulerian, H has a closed ditrail visiting every vertex in U, and so by the definition of τ (U),
The proposition above can be used to show that there exists a family of strong digraphs each of which has a large minimum degree but contains no spanning eulerian subdigraphs. Example 2.2. Let k 1 , k 2 , l ≥ 2 be integers, and D 1 and D 2 be two disjoint complete digraphs of order k 1 + 1 and k 2 + 1, respectively, and let U be an independent set disjoint from Assume
, and is a strong digraph with minimum degree δ
2) has a spanning eulerian subdigraph. In the next section, we will show F 0 (k 1 , k 2 , 2) is the only counterexample under the condition δ
Also, if we do not assume that the digraph is strong, we can find non-supereulerian digraphs with a higher minimum degree sum. 
However, D is not strong and so cannot be supereulerian.
A degree condition for the existence of a spanning Eulerian subdigraph
In this section, we shall show that for a strong digraph D, if min{δ 
Proof. By the definition of I Q , all the arcs of H between V (H − I Q ) and I Q lie in Q . So (i) follows. For (ii), supposeQ is from x ∈ X to y ∈ Y . As H is eulerian, by the definition ofQ ,Q visits every vertex of
By the definitions of I Q 1 and 
Without loss of generality, we may assume δ
| is maximized and subject to this, |A(P)| is minimized. Assume P is an (x, y)-ditrail for some vertices x, y. Then, by the choice of P, N 
. In this proof, for any vertex w ∈ V (P), denote by w + the next vertex of w in P and by w − the previous vertex of w in P. (ii) Either δ
and subject to (3.3),
Claim 1. We may choose a ditrail P such that each of the following holds.
(
Claim 1(i)-(ii) follow from (3.3), and definition of A and B. For (iii), by definition of
For (iv), let P 0 be a ditrail of D − V (H) such that |V (P 0 )| is maximized and subject to this, |A(P 0 )| is minimized. Assume P 0 is from u 0 to v 0 . Similar to (3.1) in the proof of Lemma 3.3,
is a candidate of ditrail P satisfying (iv). So, it suffices to show the existence of such vertices u 1 and v 1 .
By contradiction and without loss of generality, we may assume no such v 1 exists. Then N
. Thus, the existence of v 1 is ensured by the strongness of D. This finishes the proof of Claim 1.
Since H is an eulerian subdigraph of D, H contains a (B, A)-dipath Q . Choose such a (B, A)-dipath Q of H such that
|I Q | is minimized and subject to this, |A(Q )| is minimized.
be the first vertex ofQ in I Q and z ′ 2 the last vertex ofQ in I Q . Note that it is possible that z
For simplicity, we denote H ⊖Q to be the subgraph of H by removing all the arcs of Q and then removing the increment I Q . Let q = |I Q |.
Then by Claim 1, 
.
This, together with (3.7), forces q = p + 2 ≥ 3 and r = t = 0, and so we must have q = 3, p = 1, z 3 z 
, and so I Q has exactly three vertices z
is a spanning eulerian subdigraph of D, contrary to (3.2) . This establishes Claim 2.
Define 
By symmetry, it suffices to prove the existence of a. We shall show the following statements.
(3A) A 0 ̸ = ∅ and B 0 ̸ = ∅.
By contradiction, we assume that A 0 = ∅. By (3.9) and Claim 1(iii), δ Assume that for every a 
As q ≥ 2 and r + t ≤ 1, from (3.11), |N
is an eulerian subdigraph of order at least |V (H)| − q + p + 2. This, together with (3.7), implies q = p+2 and r = t = 0, and so |V (Q [z 3 , z 
